Lecture 18: Entropy and Statistical Mechanics

Connecting Thermo to Stat Mech



Calculating W

Formula for W
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Derivation of Entropy from @)

Stat Mech: ¢ — @ — properties, Thermo: A copies, divide by A

Al
Al
Sensemble = kpIn W = kpln
Hi a;!

Using Stirling’s approximation, Inn! ~ nlnn — n:
Sensemble ~ kB (A InA— A) — kg Z (ai Ina; — ai)
=kpAlnA—kpA —kp Zailnai + kg Zai

= ]{BAIHA — kJBZailnai



Derivation of Entropy from @)

=kpAlnA—kp) a;lng

Substitute using probabilities p; = a;/A, so a; = p;A:
Sensemble = kBAlnA - kB szAln<pzA)

= kBAhlA — kB ZpiA(hlpi + In A)
=kpAlnA—kp)» piAlnp; —kp» piAlnA
= —kpA) pilnp;

Dividing by A gives the entropy per system:

Ssystem = —kp Z pi Inp;
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Derivation of Entropy from @)

For a canonical ensemble with p; = eigEi :
—BE; —BE;
e e
S = —kp In
; ()
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Recognize definitions: U = E' =), p;E; and >, p; = 1:
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Derivation of Differential Entropy

S=—kp» pilnp
dS =—kp»_ d(p;Inp;)

= —kp Z [(Inp;) dpi + p; d(Inp;)] (Product rule)

= —kBi: [(lnpz')dpi T Di (idpi)]

= —kp Z Inp; dp; — kg Z dp; (Pull out the derivative)

= —kp Z Inp; dp; — kg df(%j (Derivative of constant is 0)

dS = —kp Y _Inp; dp;



Derivation of Differential Entropy

Inp, = —BE; —InQ
Zlnpi dp; = Z(—ﬁEz —InQ)dp;

:—ﬁZEidpi—anM

=—pdU
dw = 0 since work would change the energy levels F; (volume change):
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Major Takeaways

Key Equations

Boltzmann demonstrated that statistical
mechanics and thermodynamics are
consistent with each other
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§= % + kpln @
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Considering low temperature limit of S

S:%—I—k‘gan

As T'— 0, only ground state is populated: Boltzmann Residual Entropy

0 T=0, (), e~Ho/ksT Entropy S as T — 0

So - kB IHQO

U _
So = f + kp 1n<QOe EO/kBT)

_ Eo 4 kpInQo 4+ kg lne—Fo/ksT e Og=1,5) =0 — consistent

T with the Third Law
:@+k31n§20—@ e (g >1,5) >0 — system
T i has disorder at T' =10
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