Lecture 31: Kinetics

Kinetic Molecular Theory, Molecular Speeds, Maxwell-Boltzmann



Average Kinetic Energy

Assumptions:
e No intermolecular interactions — ideal gas
e Elastic collisions with wall generate pressure ¢ L. i

Change in momentum is:

Ap = muy — (—muy) = 2mu,
Time between collisions is:
_ 2L
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Definition of force:

_Ap  2mv,  mw
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Average Kinetic Energy

2
Substitute F' = == into definition of pressure:

p_ 13 _ muv? _ mu?
A L3 Vv
For N particles:
1 N
(P) == mlvs;)”
Via

Generalize to 3D using (v2) = (v2) = (v2) = (v?):



Average Kinetic Energy

. . 1 2
Substitute (K E) = 2m(v?) into (P) = 37 ;m<vz> :
2N
Py=—(KFE
(P) = 2 (KE)
Substitute PV = NkgT:
NkgT 2N
=—(KF
1% 3V< )

Rearrange for Equipartition:



Root Mean Squared Speed

Definition:

(KE) = (zm?) = sm(v?)

Substitute equipartition (K F) = %szT:
2 (2kpT
2(KFE) 2B 3kgT  3RT

2 _
(v) = m m m M

Take square root:

Root Mean Squared Speed

[3RT
VUrms = \/(1172> = W



Maxwell Boltzmann Distribution Derivation

Write probability distribution function:
h(v) = h(vz, vy, vz) = f(ve) f(vy) f(02)
Take natural log:
Inh(v) =1n f(vy) +In f(vy) +1n f(vy)
Take partial derivative with respect to wv,:

Olnh(v) dln f(vg)
oy, dv,




Maxwell Boltzmann Distribution Derivation

Evaluate with chain rule:

algfx(u) ~ dlndl:}(v) <%> B dlr;l—i;(v) (v_x)

v
Calculate the partial derivative using v = (v2 + v; + v2)1/2:

0 _1
v, 2

2 2 2\—1/2 v
(v$+vy+vz) / '21)1:;1.

Substitute back in and generalize for all components (j = x,y, 2):

dlnh(v) dln f(vy) dln f(v;)
= = —
vdv Vg dvug Udej




Maxwell Boltzmann Distribution Derivation

Integrate both sides for a 1D component:

/dlnf(vj) = /—Z'ijdvj
In f(vj) = —’)/UJZ +C
flv)) = Ae™"s

oo
Normalization using Gaussian integral with / e~ dy = \/f c
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Maxwell Boltzmann Distribution Derivation

Relate to physical constants using average value (U%):

2 2 2 —yv
=—= )0 = = S
(v3) vz f(vg)dv / Ux( > € v
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Evaluate Gaussian with identity / 2%e % dp = c
—o0 2a3/2

RT 1/2
(@ L
M ™ 2y3/2 2y 2RT

Substitute v = 2}% for the 1D Velocity Distribution:

M 1/2 M2
_ —Mvz /2RT
f(vz) <27TRT> €




Maxwell Boltzmann Distribution Derivation

Extend to 3D speed distribution (u):

F(u)du = f(vsg) f(vy) f(v;)dvgduydv,
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Spherical Jacobian dv,dv,dv, — u? sin @ du df de:
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Summary

— 7—‘low
_T‘}ugh
F(u)
Speed Distribution (u) Velocity Distribution (v)
M \3/2 ) M O\1/2 )
— 42 —Mu?/2RT _ < ) — M2 /2RT
F(u) = dmu (27TRT) ¢ f) =\gr7) °
S8RT 3RT RT
(u) = Ve (u?) = ST (vz) =0 (v2) = 5



